Introduction. The Picard-Vessiot theory is a Galois theory of homogeneous linear ordinary differential equations. Unlike ordinary Galois theory, however, in which fixing a universe automatically determines the zeros of a given polynomial, Picard-Vessiot theory is complicated by the fact that a given homogeneous linear ordinary differential polynomial L(y) of order ^1 possesses infinitely many zeros. To simplify matters, therefore, one wishes to choose those zeros of L(y) which are the "simplest" in a certain sense. More specifically, it is seen in a paper (to appear) generalizing the PicardVessiot theory as presented by Kolchin [l] that the algebraic and topological structures involved in that generalization are strongly dependent on the constants introduced when one adjoins zeros of L(y) to the ground field. It is desirable, therefore, to choose zeros of L(y) in such a manner that the constants introduced by these zeros are subject to certain restrictive conditions. This requires a theorem asserting the existence of zeros of L(y) for which these restrictive conditions are satisfied. The main result of this paper is a theorem on the existence of this special type of zeros of L(y).
We fix an abstract ordinary differential field F of characteristic zero and with field of constants C (i.e. F is an abstract field of characteristic zero in which a derivation is defined, and C is the set of all elements of F which have derivative equal to 0). We shall assume throughout that we are given £2, a universal differential extension field of F, the existence of which is proved in [3, Chap. I, §5]. This universal extension will contain all the elements which enter the discussion. In particular, fl will contain an algebraic closure C of C. We use the standard notation for derivatives; thus, for a£Q the successive derivatives of a are denoted a', a", • • • , aM, • • • . For the adjunction of elements to differential fields (for example, to the differential field F), we shall use F( • ■ ■ ) to denote ordinary field adjunction, F{ • • • } to denote differential ring adjunction, and F( • ■ • ) to denote differential field adjunction:
thus, for example, F(a, fi) = F(a, fi, a', fi', ■ • • ). Also the symbol { ■ • • } will stand for the perfect differential ideal generated by the elements therein (i.e. the minimal radical ideal which contains these elements and which is closed under differentiation).
The letters X, t, y (with or without subscripts) will denote indeterminates.
We shall say that an element a£ft is a nontrivial zero of a differential polynomial P(y) if cxt^O but P(ct) =0.
By L(y) we mean a fixed homogeneous linear ordinary differential polynomial L(y) = y<»> + piy(n-i) + . . . + pny (re ^ 1, each pt E F). Lemma 2. Suppose O^aEF. Then:
(1) if a is an integral of a (i.e. a'=a) transcendental over F, but the field of constants of F{a) is algebraic over C, then that field of constants is C;
(2) if there exists an integral a of a algebraic over F then there exists an integral of a in F; (3) Let K be any algebraic extension of C of finite degree over C. If there exists an integral a of a algebraic over F then there exists an integral fi of a such that the field of constants of F(B) is K. Since /o = 1 the left side of this equality is a polynomial in a over r7 of degree at most r -1, hence it vanishes identically. In particular, since the coefficient of of-1 vanishes we obtain f{ +<zr = 0. Hence B= -fi/rEF is an integral of a, which proves (2). To prove (3), note first that there exists a constant k such that K = C(k). By (2) we may assume that aEF.
Then |3=a + & satisfies the conditions of (3).
Q.E.D.
Corollary. Suppose O^aEF.
Then there exists an integral a of a such that the field of constants of F(a) is C.
Lemma 3. Suppose O^aEF and let P(y) =y' -ay. Then:
(1) if a is a nontrivial zero of P(y) which is transcendental over F but the field of constants of F(a) is algebraic over C, then that field of constants is C;
(2) suppose there exists a nontrivial zero of P(y) which is algebraic over F. Then any nontrivial algebraic zero a of P(y) of minimal degree r over F has the property that arEF and the field of constants of F(a) is C.
Proof.
(1) follows from the fact that F(a) = F(a). To prove (2) let a be a nontrivial algebraic zero of P(y) of minimal degree r over F. Let ]Ci-o fi^r~< (r^l, fo = l) be the irreducible polynomial over F with root a. Then 22t=o fia-T~i = 0. Differentiating this relation and utilizing the fact that a' =aa we obtain E (// +'.a(r -i)fi)a-< = 0. Now let dEF(a) be a constant. Then we can write d= Ei-o g«a' with each giEF. Then, as above, 0= E«=o (gi +aigi)a\ Equating to zero the coefficient of each a* we obtain go' =0 so goGC and for i>0 gi = -aigi. If gi were different from zero for i>0 then g4_1/< would be a nontrivial zero of P(y) algebraic over F of degree ^i<r. We can write fy= 22"-i daVi (1 ^j^n) where the a»3 are constants algebraic over C and det (a,-y) 5^0. Therefore we can choose one of the rji so that the set (17,, f2, • ■ ■ , fn) is linearly independent over constants. Then this set is a regular system of zeros of L(y) so the field of constants of Proof. This is well known and the proof is classical.
The main result. We now prove the two propositions leading to the existence theorem. Proof. We prove this by induction on re. For re = l write L(y) =y' -ay. If a = 0 the result is obvious so suppose a^O. There exists a nontrivial zero a of L(y) such that the field of constants of F(a) is algebraic over but not equal to C. Hence by Lemma 3, a is algebraic over F so there is an element fi^O algebraic over F satisfying:
(1) fi'-afi = 0;
(2) of all nontrivial zeros of L(y) algebraic over F, fi is of minimal degree r over F and b =fiTEF;
(3) the field of constants of F(fi) is C.
Let Ki be a normal extension of K of finite degree over K and containing C. There is a constant k such that K~i=C(k). Let ur = k and let y=ufi. Then 7 is a zero of L (y) and 7*= kb so the field of constants of F(y) contains Ki.
Suppose there is a nontrivial zero 8 of
By Lemma 3 we can choose 5 minimal so 8sEF(k).
Then 
